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Problem
We analyze the time complexity of pairing heaps, widely used priority
queues whose efficiency still lacks a tight theoretical explanation [1]:
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We also study the lazy pairing heaps which maintain a forest [1]:
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Lazy Pairing Heap

Background
The efficiency bounds on multipass pairing heap is near tight [1, 2]
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Our analysis on pairing heaps is inspired by the multipass analysis [2].

Intuition
(Lazy) Pairing heaps resemble multipass pairing heaps in this case:
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2An Ideal Case of Lazy Delete-min

Main Results
Work insert/meld decrease-key delete-min

Pairing Heap
Iacono 2000 Θ(1) O(log n) Θ(logn)

Pairing Heap
Pettie 2005; Sinnamon 2022 2O(

√
log logN) 2O(

√
log logN) Θ(logn)

Pairing Heap
This Work Θ(1) (log logn)Θ(1) † Θ(logn)

Lazy Pairing Heap
This Work Θ(1) Θ̃(log log n) † Θ(logn)

†The Ω(log logn) lower bound on amortized decrease-key time requires insertion
and delete-min to be amortized O(logn) [3].

Node Groups
Group nodes such that intra-group pairing process resembles a lazy
multipass pairing process. Each lazy delete-min creates two groups:

New Group

New
Group

Original Leftmost Group Sealed,
no longer accepting new members
from Insertion and Decrease-key

Child list of the
deleted node

Theorem (Informal). In lazy pairing heaps, the number of inter-
group pairing links is roughly O(log n) per delete-min.
Proof Sketch. Each pairing pass decrease the size of a group by a
half, thus each group only participates in logn pairing passes. In each
pairing pass, only the leftmost node and the rightmost node can lose
an inter-group pairing link. Thus, the Theorem is implied by

2 links/pass × logn passes/group × 2 groups/delete-min

Right Assembly Path
In conventional pairing heaps, for each right assembly link, i.e., assem-
bly link lost by the rightmost node, one group will be split into two.
Thus we need to bound the number of right assembly links to apply
the group arguments.
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Theorem. The number of right assembly links is O(1) per insertion
plus O(log logn) per decrease-key plus O(logn) per delete-min.
Proof Sketch. Define the rank of node v as log log(v.m/v.s), where v.s
is the size of the subtree rooted at v, and v.m is the total size of its
parentupon the link. This definition ensures that:

All but O(log n) siblings
have rank > 1

All but
O(log n) ancestors

have rank ≤ 0

+
+O(log log n)

+
+O(log log n)

Insertion Decrease-key
(link phase)

+ +
+O(log n) in total

Delete-min

Node Rank Increases

Thus all but O(logn) nodes on the right assembly path decreased their
rank by at least 1, which means the number of right assembly links is
at most O(log n) per delete-min plus the total decreases in node ranks.
The total decreases in node ranks matches the total increases, which
only has the cut phase of decrease-key unbounded. We redefine the
sizes and masses to bound

v Cut by
decrease-key

Cut by
delete-min

Not contributing
to the size of v

Contributing 
to the size of v

Eventually removedNever removed

Patch1: size/mass won't be affected by decrease-key cut
Cut in decrease-key won't affect rank

Patch 2: size/mass only count eventually deleted nodes
Cost on insertion can be moved to delete-min

Higher nodes:
Size increase ⇒ Rank decrease

Lower nodes:
Mass decrease ⇒ Rank decrease

Issue: Sum of Node Rank on a Path Increases
Solution: Observe rank decreases more carefully
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